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NOMENCLATURE 

sum of surface and kinetic energies: 

dimensionless function of contact angle. equation 

(9); 
acceleration due to gravity; 

film thickness ; 
kinetic energy of rivulet, equation (11): 

volumetric discharge rate ; 
radius of curvature of rivulet : 
streamwise velocity : 
average velocity of uniform film : 
streamwise distance : 
rivulet half-width 

normal distance: 

div. 
kinematic viscosity. 

function, equation (12): 

density : 
surface tension ; 
polar coordinate : 
contact angle. 

Subscript 

r, rivulet; 

0. uniform film. 

I. INTRODUCTION 

THE FORMATION of dry spots in a draining liquid film is of im- 
portance, lor example, in the rate of expulsion of sodium 

from a coolant channel after a fast reactor accident, such as 

pump failure or power excursion. In this case a vapor slug 

quickly forms in the heated region, expelling a liquid slug 

ahead of it. The rate of expulsion as well as re-entry depends. 

in large measure, on the evaporation from a residual liquid 

film on the fuel surfaces. Clearly, the conditions under 
which this film ruptures, with attendant formation of dry 

spots. are of considerable importance. The burnout phenom- 
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enon in boiling reactors is also thought to be closely related 

to the formation of unwetted wall areas. 

In previous work [l] the early stages of instability in a 

heated draining film were considered via a capillary wave 

theory, extending the classical Yih-Benjamin [24] analysis. 

It was found that below a critical heat flux, 4, (which is 

quite large: 28 Cal/cm’ s for Freon-l 13; 254 Cal/cm’ s for 

Na) the heat flow has negligible influence on the initial rate 

of growth of the most dangerous (fastest-growing) wave- 

length. Above this critical flux, however, rapid destabiliza- 

tion occurs. This small-perturbation theory, however, can 

at best give only a rough estimate of the time required to 

form a thin spot, and gives no information concerning the 

formation of dry spots. For the latter problem the contact 

angle is an important variable which does not enter into 

the capillary wave analysis. 

The stability of dry spots in a draining film has been 

principally examined from two points of view, both due 

originally to Hartley and Murgatroyd [5]. The former 

examines the vicinity of the stagnation point at the leading 

edge of a dry patch in a liquid film draining steadily down 

a heated wall. By means of momentum balances over a 

suitable control volume, the stationary condition for the 

triple interface is developed. Subsequent investigations have 

taken into account surface shear forces and surface tension 

variations [6-81. This approach takes into account the 

contact angle, predicting increased dry-spot stability as the 

contact angle is increased, as might be expected. On the 

other hand, no consideration is given to the question of how 

a semi-infinite dry patch forms in a uniform liquid film. 

nor of the details of the liquid flow except in the vicinity of 

the tip of the dry patch. 

Murgatroyd and Hartley [5] further postulated that the 

sum of the kinetic and surface energy flows of the unbroken 

film was minimized at the critical thickness for stability. 

Their approach suffers from the disadvantage of omitting 

consideration of surface wettability, as evidenced by contact 

angle. and has not been extensively pursued. More recently. 

an alternative approach to the problem of thermocapillary- 

induced breakdown of a draining film was given by Simon 
and Hsu [9], based upon the postulate of steady lateral 
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surface tension and film thickness variations. Their treat- 

ment of the mass and thermal energy conservation equation 

is. however. open to considerable question. 

The present work was motivated by a consideration of 

the short-time stability of thin heated films on vertical walls. 

as would be expected to occur in the coolant expulsion 

problem. Apart horn the conceptual difficulties outlined 

above, the former (rewetting of a semi-infinite dry patch) 

approach has here the disadvantage of giving no information 

concerning the fraction of the wall covered by liquid. The 

approach adopted here is therefore to employ the Hartley- 

Murgatroyd energy criterion in an entirely different context. 
which allows the crucial factor of surface wettability to be 

taken into account. Briefly, it assumed that the liquid film 

will break up into rivulets when the total mechanical (kinetic 

pfus surface) energy per unit volume is the same in the two 
configurations. For smaller flows. therefore, energy con- 
siderations lavor a break-up into parallel rivulets. 

II. ANALYSIS 

Consider, Iirst of all. a uniform liquid film of thickness, 

h,. draining steadily down a vertical wall. It is well-known 
that the velocity profile (assuming zero surface shear stress) 

is given by : 
2 

u,(y) = B ;- - yh, ( > p=!j 

where u,(y) is the liquid velocity at a distance y from the wall. 

v is the kinematic viscosity; and 9 is the gravitational force 

constant. The total mechanical energy per unit volume is 

then proportional to the sum of the kinetic and surface 

energies 

upon employing equation (1). Here u is the surface tension. 

FIG. 1. 

considered to be constant to the present approximation. 

The total discharge rate per unit width is l'urther given h! 

where Lo is the average liquid velocity. 

Alternatively, consider the same flow in the form of 

rivulets whose cross-section is a segment (Fig. 1) of a circle 

of radius R, given parametrically by h = h(x). where h is the 

film thickness at a horizontal distance, x. from the center. 

In terms of the polar subtended angle, 0. 

h(x) = R(cos 0 - cos 0,): 0 < x < x, (4) 

where 0, is the liquid contact angle, and 0 < 0 < 0,. We 

now approximate the velocity at each point by : 

u(x, ,3 = p(;’ - rhixj. (5) 

This assumes that the velocity profile in each slice of width 

du and thickness h(x) is that of a uniform draining film of 

the same thickness. 

The volumetric discharge rate of the rivulet is then 

.Xl h(X) 

Q=2 ss u(x. y) dq’ dx = :3$ @(O,) (6) 

cl 0 

upon employing equations (3) and (4). where 

@(O,) c ~(COS 13 - cos B,# cos OdO (7) 

and x1, the rivulet half-width, is related to the contact angle 

and rivulet radius by 

x, = RsinO,. (8) 

At the critical film thickness the two discharge rates are 

equal, whence from equations (3), (6) and (8) 

@J(&) = __ E g(O,) 
sin 0, 

u, <p. (9) 

The sum of the kinetic and surface energies per unit width 

of the rivulet is 

E, = f,l\r + O,aR) (10) 

where the kinetic energy term, from equations (4) and (5), is 

$(O,) E f (cos t? - cos O,$ cos 0 d0. 
b 

(12) 

Setting E = E,, we have a second relation which determines 

the mini&m film thickness, h, : 
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pS2R5$(6,)l15 + 6,~ p@,s --. 
= __ sin 0, 15 

whence, upon employing equation (9): 

pfi%,” 8, - sin 8, 

~ = sin 0 - [g&)] - 5’3$(0,) 1% 

The integrals can be evaluated directly, giving: 

q&3,) = 8, ; i- ~cos%, t ;cos40,, ( 1 
- sin Be 

113 ( - 
48 

case, + ;cos”ff, 4 ;cos58, 
i 

- i B0 sin Ba. 

(13) 

(14) 

(15) 

(16) 

ILL RESULTS 
Figure 2 shows the minimum stable film thickness, h,, 

calculated from equation (14), for sodium, Freon-l 13 and 
water, ail at atmospheric pressure and saturation tempera- 
ture, as a function of contact angle. The sodium and Freon 
lines are remarkably (and fortuitously) close, lending 
support to the idea of using Freon-113 as a simulant in 
studying sodium transient two-phase heat transfer in con- 
nection with fast reactor safety analyses. For well-wetted 
walls (@a < 15*), h, _ 2 x 10T4 cm for sodium, which is 
far smaller than the drainage films of thickness pO7-025 mm 
observed by Spiller et af. [lo] in transient voiding of a 
sodium column. In a typical loss-of-flow reactor accident, 
the maximum evaporation rate of the sodium film is of the 
order of 01 cm/s of liquid, and the expulsion time is of the 
order of @l s. One concludes that a well-wetted wall will 

Freon 113(76'Fl 

Contact angle, 8, , rod 

FIG. 2. 

probably maintain an unbroken film in contact with it 
during at least the early expulsion period. 

It is of some interest to note that the predicted minimum 
film thickness increases rapidly for contact angles in excess 
of 45”, in view of the singularity in equation (14). For these 
thicker films the approximate velocity profile is in greater 
error (the approximation holding closely when the slope 
of the rivulet surface is everywhere small), and the more 
laborious calculation involving the exact velocity profile 
should be employed, as indicated in Appendix I. 
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APPENDIX 
Velocity Pro3ie in a Draining Rivulet 

The equation of motion, assuming steady, parallel llow, is 

;v%+g=o: o=r(y,y) (1.4) 
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subject to the boundary conditions: 

D(Y, 0) = 0 - Yi < Y < Y, 

r’r 
- =0: (u’+y2)+=R- y>O. 
&I 

13A) 

Letting z = Y + iy, and introducing coaxal coordinates 

we find that 

(4A) Solution of this problem can be effected numerically. or 

analytically in terms of a complete set of orthogonal 
functions. 
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IN THE past fifteen years considerable progress has been 

recorded by researchers concerning the dispersion of matter 

in turbulent shear flows. The practical applications of this 

literature to flow metering in pipes and natural streams, as 

well as pollution control studies and other engineering 

problems, are numerous. The formulation of the problem 

involves seeking solutions for specific initial conditions of 

the transient diffusion equation. The analyses applied to 

fully developed channel and pipe Rows are based on eddy 

diffusivity approximations using Reynolds’ analogy and 

semi-empirical solutions for the mean flow held. 

The purpose of this paper is to present a general method 

for finding solutions to the longitudinal dispersion problem. 

A specific example is presented in detail where both experi- 

mental data and an earlier analysis are available for com- 

parison. It is concluded that the analytical methodology 

proposed here not only has a suitable mathematical formal- 
ism, but that it also provides a tinite algorithm for numerical 

solution with advantages over previous methods. 

PRESENT ANALYSIS 

Aris [i] published a method for solving longitudinal 

dispersion problems which has been successfully applied 

by several authors in the last three years. Consider a fully 
developed channel flow of an incompressible fluid where the 

time averaged concentration C of the dispersing matter may 

be described by 

where t is the dispersion time, X, y, 2, are the space coordinates 

in the longitudinal, vertical and lateral directions, respec- 

tively. and E is the eddy diffusivity for mass transfer. 

To facilitate comparisons, the notation and dimensionless 

parameters introduced by Aris [l] will be incorporated into 

equation (I). Following Aris. define the local velocity as 

WY, 4 = I7 [l + x(y, z)] (2) 

where .y(y. z) is a function which describes the variation of 

velocity in the cross section, and the local eddy diffusivity 

as 

E, = Ey zzz E; - D$(y, -_) (3) 

where D is the average value of the eddy diffusivity in the 

cross section and r&y, z) is a function describing the distribu- 

tion of eddy diffusivity.* Using these definitions, equation 

(1) becomes 

* The present analysis assumes isotropic turbulence 
structure, but the extension to non-isotropic turbulent flows 
could be achieved by redefining local eddy diffusivities. 
namely E, = D,$,(Y.z). ey = D,&,,fy,z) and 8s = DZhI/Z(y,~). 


